Nöbeling spaces and pseudo-interiors of Menger compacta  by Chigogidze, A. et al.
Topology and its Applications 68 (1996) 33-65 
TOPOLOGY 
AND ITS 
APPLICATIONS 
Niibeling spaces and pseudo-interiors of Menger compacta 
A. Chigogidze al ‘, K. Kawamurab12, E.D. Tymchatynal*)3 
a, Department of Mathematics and Statistics, University of Saskatchewan, Saskatoon, Sad., 
Cana& S7N OWO 
h Institute of Mathematics, University of Tsukuba, Tsukuba-City, Ibaraki 305, Japan 
Received 5 August 1994; revised 15 February 1995 
Abstract 
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1. Introduction 
The main problem we are interested in is the following. 
Problem (*). Characterize topologically the universal Nijbeling spaces Nin+‘. In par- 
ticular, is a space X homeomorphic to NF+’ provided that X satisfies the following 
conditions? 
(a) X is separable and completely me&able, 
(b) dimX = n, 
(c) X E AE(n) = LP-’ n C”-‘, 
(d) any map of any at most n-dimensional, separable, completely metrizable space 
into X can be arbitrarily closely approximated by closed embeddings. 
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(AE(n) denotes the class of absolute extensors in dimension n and AIS = AE.) 
This is a well-known problem posed by several authors (see, for example, [19,14, 
18,341) and has deep ties with classical dimension theory as well as various branches of 
geometric topology. Let us first recall the definition of the space Nk (0 < n < Ic 6 co). 
This is the subspace of the L-dimensional Euclidean space Rk consisting of points at 
most n coordinates of which are rational. In what follows, we consider only the cases 
0 < 2n + 1 < k < 00. For example, Nd is the space of irrational numbers and N,” 
may be regarded as the separable Hilbert space 12 x Rw. It follows from [1,32] that 
in the cases n = O,oo, Problem (*) has a positive solution. Moreover, these two are 
the only cases in which the corresponding Nobeling spaces have the structure of an in- 
finite product, and this (we believe) allows us to recognize these two spaces relatively 
easily. The situation is quite different in all remaining cases (that is, 1 < n < co), 
where nothing is known except the definition mentioned above. Of course, the defini- 
tion itself contains sufficiently rich information. For example, it almost automatically 
implies all of the properties (a)-(d). But as far as we know, there has been no in- 
dependent construction of a space which can be identified with the Nobeling space 
N2n+’ (1 < n < oo), except the n-dimensional polyhedral pseudo-interior (see (2) be- 
loi,. 
To the best of our knowledge, there are five constructions of spaces with properties 
(a)-(d). Let us recall briefly these constructions. Each of them has its own advantages. 
For example, the first, the second and the last constructions produce topologically ho- 
mogeneous spaces. Whereas, the space obtained by the fourth construction admits a nice 
map onto the separable Hilbert space. 
(1) ([25]) The universal n-dimensional pseudo-interior SF+’ of R2nf1 is the com- 
plement (in R2n+1 ) of the so called n-dimensional universal pseudo-boundary a:“+’ of 
R2nf’. The space crF+’ is an absorber (even a skeletoid by [17]) for the class of all at 
most n-dimensional tame compacta in R2n+1. 
(2) ([25]) The polyhedral n-dimensional pseudo-interior of R2n+’ is the complement 
of the polyhedral n-dimensional pseudo-boundary of R2n+’ which is an absorber with 
respect to the class of all compact n-dimensional, tame polyhedra of R2nf’. The space 
N2n+1 can be easily identified with the polyhedral n-dimensional pseudo-interior of 
RYnfl by noticing that R2n+’ - IV:+’ f orms an absorber with respect to the same class 
as the polyhedral pseudo-boundary. We are grateful to J. Mogilski for this information. 
(3) ([5]) This is obtained in the geometric definition of the universal Menger com- 
pactum pcLn ([3]). The space with properties (a)-(d) is defined as the complement of some 
aZ-set in pn. 
(4) ([9]) A space with properties (a)-(d) is constructed as the limit of an inverse 
sequence. This construction allows us to represent the separable Hilbert space 12 as an 
n-soft image (see Section 2 for the definition) of a space satisfying (a)-(d). Such spaces 
exist even in nonseparable cases ([1.5]). 
We give some explanation for the fifth construction. From a certain point of view, there 
is a strong analogy between the theories of pn-manifolds and Q-manifolds. Almost all 
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important results concerning Q-manifolds have their “pLn-manifold versions” (see [lo] 
for more details). Therefore, it is not surprising that 
(5) ([lo]) the n-dimensional universal Menger compacturn pn has an n-dimensional 
pseudo-interior un as well as an n-dimensional pseudo-boundary C” (see [ 10, p. 1521) 
which behave very much like the pseudo-interior and the pseudo-boundary of Q respec- 
tively. 
Apparently, for this reason, the space I/~ picks up almost all “good” properties of 
spaces obtained in (1) and (4). Particularly, I/~ is topologically homogeneous and admits 
a nice map onto R* as well. 
In Section 3 of this paper, we extend the approach of [ 101 and construct the n-dimen- 
sional pseudo-boundary C(lc, n) in /J’ and its complement v(lc, n) = ~_l~ - C(lc, n) for 
each k 3 n, including the case k = co (which was originally covered by [17]). When 
Ic = n, z? = v(n, n) and Z(n, n) is denoted by C”. We prove that the above mentioned 
pseudo-interior vn, the universal pseudo-interior SC+’ and the n-dimensional Nobeling 
space NC+’ are mutually homeomorphic for each n. This in turn gives us hope that 
the problem (*) can be attacked using ideas and tools of p”-manifold theory. Moreover, 
it seems to us that there must be a whole theory of Nobeling manifolds closely related 
to the theory of pn-manifolds and producing a finite-dimensional analog of /z-manifold 
theory. 
The paper is organized as follows. In Section 2, we present some definitions and 
preliminary facts. Section 3 contains a construction of the pseudo-interior v(/c, n) of pk 
(k 3 n). In Section 4, we introduce the notion of the geometric pseudo-boundary and 
the pseudo-interior of pn based on the Menger construction. This provides us another, 
geometric description of I/~. Using this description, in Section 5, we show that I/~ is 
homeomorphic to the geometric pseudo-interior. In Section 6, it is proved (Theorem 
6.1) that the geometric pseudo-interior is homeomorphic to the Nobeling space N,” (Ic > 
2n-t 1). This establishes the topological equivalence of vn and N,” (k > 2n+ 1) (Theorem 
6.4). In the final Section 7, we give some applications of our result. In particular, we 
prove that every Polish absolute extensor is an n-soft image of the Nobeling space NC+’ 
(Theorem 7.2) and that N?+’ is homeomorphic to s$+’ (Theorem 7.3). We also prove 
a result which is, in some sense, dual to Theorem 6.4. Namely, it is proved (Theorem 
7.4) that the pseudo-boundary C” of pn is homeomorphic to the universal n-dimensional 
pseudo-boundary on ‘TL+’ of Rzn+‘. We end Section 7 with a discussion of some other 
problems posed in [ 191. 
2. Preliminaries 
2.1. Menger manifolds and UV-maps 
Throughout this paper, p” denotes the n-dimensional universal Menger compacturn. 
When a specific construction is under consideration, we will use another symbol (Sections 
4-6). We sometimes (for notational convenience) use the symbol poo to mean the Hilbert 
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cube (this is justified by the similarity between the theory of Menger manifolds and 
Hilbert cube manifolds). A compactum X is said to have the DDnP if each pair of 
maps (;Y, p : I” + X can be approximated arbitrarily closely by maps a’, p’ : In + X 
such that cr’(l”) n ,$(I”) = 0. 
Theorem 2.1 [3]. A compacturn X is 
(1) a pn-manifold if and only if X is an n-dimensional LC”-’ compactum with the 
DDnP, 
(2) homeomorphic to pn if and only if it is a C”-’ pn-manifold. 
Definition 2.1. Let A be a closed subset of a complete metric space X. Then 
(1) A is called a Z-set if for each open cover U of X, there is a map f : X -+ X - A 
which is U-close to idx. If in addition, we can choose f such that cl f(X) n A = 0, 
then we call A a strong Z-set. 
(2) A is called a &-set if each map o: K + X of any at most n-dimensional, 
separable, completely metrizable space K can be approximated arbitrarily closely by 
another map p : K + X - A. If X is compact and dim X 6 n, then Z is a Z-set if and 
only if A is a &-set. 
For basic information on Z-sets in pLn-manifolds, see [3, 2.3.6-2.3.91. 
Definition 2.2. An onto map f : X -+ Y between LC”-compacia is called a UVn-map 
if each fiber f-‘(y) satisfies the following UVn-property: 
(UVn) for each y E Y and for each neighborhood U of f-‘(y), there exists another 
neighborhood V of f-‘(y) w ic h h is contained in U and such that the inclusion V + U 
induces the trivial homomorphism between ith homotopy groups for each i = 0,. . . , n. 
It is known that a map f : X -+ Y between LCn-compacta is UVn if and only if it 
has the following “approximate lifting property”. 
(ALP) for each pair (A, B) of compacta with dim A < n, for each pair of maps 
cy : A -+ Y and ,f3 :B -+ X such that fP = a/B, and for each E > 0, there is a map 
a*: A + X such that cx*/B = p and d(fQ*, a) < E. 
Throughout this paper, a Polish space means a separable, completely metrizable space. 
Definition 2.3. Let f : X -+ Y be a map between Polish spaces. 
(1) f is said to be soft with respect to the pair (A, B) of a Polish space A and its closed 
subset B, if for each pair of maps (Y : A + Y and p : B -+ X such that f (Y = P/B, 
there is a map CY* :A -+ X such that cx*/B = /3 and fa* = Q. 
(2) f is said to be n-soft if it is soft with respect to each pair consisting of an at most 
n-dimensional Polish space and its closed subset. 
(3) f is said to be n-invertible if it is soft with respect to each pair (A, 8), where A 
is an at most n-dimensional Polish space. 
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It is known (see [20, Lemma 1.11 and [12, Proposition 1.21) that a map f : X + Y is 
n-soft if and only if f is open and the collection of its fibers {f-‘(y): y E Y} forms 
an equi-LC”-‘- and C”-‘-family. 
2.2. Skeletons and absorbers in Polish spaces 
The concepts of skeletoid and absorber play a crucial role in this paper. Following 
[2, Chapter 41 and [33] (see also [17, Chapter l]), we recall the corresponding ingredi- 
ents of the general theory of skeletoids and absorbers in Polish spaces. Throughout this 
subsection, we assume that X is a Polish space and Auth(X) denotes the space of all 
autohomeomorphisms of X with the limitation topology (see [32,6]). Let r be a closed 
subgroup of Auth(X) and K be an additive, T-invariant collection of closed sets of X, 
that is, for each A, B E K and for each F E T, we have F(A U B) E K. 
Definition 2.4. (1) By a T-K-skeleton, we mean any increasing sequence {Ai: i E N} 
of members of K such that, for every i E N, for every A, B E K and for every F E I’ 
with F(B) g Ai, we have 
Feel U{NET: H/B=F/B and H(A) G Aj}). 
/ 
A subset of X which can be expressed as the union of the elements of a T-K-skeleton 
is called a r-K-skeletoid. When r = Auth(X), a r-K-skeletoid is simply called a 
K-skeletoid. 
(2) By a r-K-absorber, we mean any countable union U{Ki: i E N} of members of 
K such that, for every A E K and every closed set E of X, we have 
H E r: H/E = id and H(A - E) C G Kj . 
j=l 
It is easy to see that any I’-K-skeletoid is a r-K-absorber. Any two r-K-skeletoids 
(absorbers respectively) are equivalent in the sense of the next theorem. In particular, if 
there exists a r-K-skeletoid, then it is equivalent to every r-K-absorber. 
Theorem 2.2. (1) [2, Chapter 4, Theorem 2.11 Zf A and B are r-K-skeletoids in X, 
then the set {H E I’: H(A) = B} is dense in r. 
(2) [33; 17, 1.2.1 l] If A and B are l-‘-K-absorbers, then for every collection U of 
open sets of X, there exists an f E r which is U-close to idx and such that 
f(An(UZ-4)) =B and ~/(x-UU) =id. 
A closed subset A of a complete metric space X is called a thin set, if for each open 
neighborhood V of A and for each open cover U of X, there is an element F E Auth(X), 
U-close to idx, such that F/(X - V) = id and F(A) n A = 0. 
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Definition 2.5. An additive A&r(X)- invariant collection K of closed subsets of a Polish 
space X is called a perfect collection if it satisfies the following conditions: 
(1) Each member of K is a compact thin set in X. 
(2) If B is a compact subset of A E K, then B E K. 
(3) (Estimated Extension Property) For each A E K, for each neighborhood V of A 
and for each open cover L4 of X, there exists an open cover V of X refining U such that 
l for each B E K, contained in V, and each homeomorphism f : A --+ B, which 
is V-close to id, there is an extension F E Auth(X) of f which is U-close to id and 
F/(X - V) = id. 
When the collection K is perfect, T-Gskeletoids are characterized by the following 
theorem. 
Theorem 2.3 [2, Proposition 4.11. Suppose that the collection K is perfect and let 
{Ai: i E N} be an increasing sequence of members of K. Then {Ai: i E N} is a 
T-K-skeleton if and only ij for every K E K, for every i E N and for every E > 0, 
there exist an index j > i and an embedding f : K + X such that 
(*) d(f,G) < &, f /(K n Ai) = id and f(K) C_ Aj. 
Suppose that U is an open set in X and let 
K(U) = {K E K: K C U}, 
Auth(X ]/ X - U) = (H E Auth(X): H/(X - U) = id} 
and 
T(U) = {H/U: H E Auth(X ]I X - U)}, 
Auth(X ] j X - U) is a closed subgroup of Auth(X) and T(U) may be regarded as a 
closed subgroup of Auth(U). 
Theorem 2.4 [2, Theorem 4.11. Suppose that A is a K-skeletoid in X and U is an open 
set of X. Then AnU is Q r(U)-K(U)-skeletoid in U and is also an Auth(X (( X-U)- 
K(U)-skeletoid in X. 
Proposition 2.1 [2, Proposition 4.21. Let A be a K-skeletoid in X and f : K1 + K2 be 
a homeomolphism between members of K such that f (K1 n A) = K2 II A. Then there 
exists an F E Auth(X) such that F/K1 = f and F(A) = A. 
Proposition 2.2. Zf A is a K-skeletoid in X and B is a countable union of members of 
K. then A U B is also a K-skeletoid. 
3. Pseudo-interiors and pseudo-boundaries of Menger compacta 
In this section, we prove existence of n-dimensional pseudo-boundaries in the lc-di- 
mensional universal Menger compacturn ~1” (0 < n < k < 00). Recall that poo denotes 
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the Hilbert cube. Denote by Z(k,n) the collection of all at most n-dimensional Z-sets 
in 1-1”. It easily follows from the Z-set unknotting theorem (see [3, 3.1.11 for k < cc and 
[8, 11.11 for k = oo) that the collection Z(k,n) is a perfect collection in the sense of 
Definition 2.2. 
To simplify notations, a simplicial complex and its underlying polyhedron will often 
be identified. 
3.1. UV-maps between Menger compacta 
Theorem 3.1. Let k > 0 be an integer Any compact pk-manifold M can be represented 
as the limit space of a polyhedral inverse sequence whose bonding maps are k-invertible, 
(k - l)-soft, simplicial, UV”-‘-surjections. 
For the proof, we need the following lemma. 
Lemma 3.1 [2 1, Lemmas l-31. For any Jinite simplicial complex K andfor any m E N, 
there exists a finite simplicial complex D(K) and two maps fK,m : D(K) + K and 
qK,m . . D(K) -+ Kern) such that 
(1) fK,m is an m-invertible, (m - l)-soft, simplicial, UV*-‘surjection. 
(2) qK,m/fi,L(K(m)) = f~,mlf~,L(K(~)). 
(3) %m(f;;Q4) c acm) for each simplex o E K. 
Proof of Theorem 3.1. By [3, 5.1.31, there exists a finite polyhedron P and a map 
a : P + M which induces an isomorphism of m-dimensional homotopy groups for each 
m < k - 1. Inductively, we define a polyhedral inverse sequence SM = {Pi, pi : Pi -+ 
Pi-l} as follows. Let PO = P and let K1 be a natural triangulation of the product 
PO x [0, 11. Let PI = D(K1). Without loss of generality, we may assume that mesh 
PI < 2-l. Let pt = nfK,,k : PI + PO, where 7r : PO x [0, l] + PO denotes the natural 
projection. If Pi-1 and pi-1 : Pi-1 + Pi-2 have already been defined, then 
(1) Ki is a natural triangulation of the product Pi-1 x [0, 11, Pi = D(Ki) and pi = 
nfK,,k : Pi + Pi-l, where z : Pi-1 X [0, l] -+ Pi-1 denotes the natural projection. 
(2) Pi has a triangulation with mesh < 2-i. 
Using a method similar to that of [ 11, Theorem 1.31, it is not difficult to verify that lim SM 
satisfies the conditions of Theorem 2.1 and, hence, 1imSM is a pk-manifold. Note that 
all bonding maps of the spectrum SM are k-invertible, (k - 1)-soft, simplicial, WV”-‘- 
surjections. Consequently, it only remains to show that 1imSM is homeomorphic to M. 
Indeed, consider the composition ape : lim SM + M, where pa : lim SM + PO denotes 
the limit projection onto PO = P. From the above, it follows that po is a UVk-‘-map. 
Thus, pa induces an isomorphism of m-dimensional homotopy groups for each m < k- 1, 
and, hence, so does the composition opo. By [3, 2.8.61, this is enough to conclude that 
lim SM and M are homeomorphic. This finishes the proof of Theorem 3.1. 0 
Let f : X --+ Y be a map. A closed set Z of X is called a fibered Z-set, if each 
map cr : X + X can be approximated arbitrarily closely by a map ,0 : X + X such that 
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f p = fa and p(X) fl 2 = 8. If the image of an embedding g : A --+ X is a fibered 
Z-set, we say that g is ajbered Z-embedding. 
Proposition 3.1. Let 0 < k 6 CQ. Then, for each n, 0 < n < k, there exists an 
n-invertible UP-‘-map f : pn + pk satisfying the following conditions: 
(1) for each at most n-dimensional compactum Z, for each open cover U of pn andfor 
eachmaph:Z-+p”, there exists a jibered Z-embedding g : Z + pn which is U-close 
to h and such that f g = f h; 
(2) there exists a subspace A” of pn such that the restriction f/A” : A* -+ p” is an 
n-soft map and the complement p* - A” is a oZ-set in pn; 
(3) if Z is a Z,-set in pk, then f-‘(Z) is a Z-set in pn. 
Proof. If n = k, let f = id. If n < k, it suffices to apply Theorem 3.1 and [ 11, Theorem 
1.3-J. 0 
3.2. Existence of 2(k, n)-skeletoids 
Recall that 2(k, n) denotes the set of all at most n-dimensional Z-sets in pk. For 
simplicity, the sup-metric generated by a metric d is denoted be the same symbol d. 
Theorem 3.2. Let 0 < k < 00. Then, for each n with 0 < n < k, there exists a 
2(k, n)-skeletoid C(k, n) in pk. 
Proof. Fix a map f : pn + pk the existence of which is guaranteed by Proposition 
3.1 and fix a metric d on ~1”. Inductively, we construct a sequence {gj : pn + pk} of 
Z-embeddings, a sequence {Aj} of Z-sets of pk and a sequence {ij : Aj -+ p”“} of 
Z-embeddings as follows. 
By [3, 2.3.81, there exists a Z-embedding gi :pn + p”” such that d(f,gl) < 2-l. Let 
Al = gi(@>. S’ mce f is n-invertible and dim Ai = n, there exists a map ii : A1 -+ pn 
such that fil = id. By the property (1) of Proposition 3.1, we may assume that ii is a 
Z-embedding. Note that f /il (Al) : il (Al) + pk is a Z-embedding as well. 
Suppose m 2 1 and that for each j < m we have already constructed gj : pun + pk, 
Aj = gj(/tn) and ij : Aj -+ p” SO that the following conditions are satisfied: 
(lj) d(f, gj) < 2-j. 
(2j) gj/ij-l(Aj-1) = f/ij-l(Aj-1). 
(3j) fij = id,+ (and h ence, f /ij (Aj) is a Z-embedding). 
Let us construct gm+l and &+I. By (3m) and the Z-set approximation theorem [3, 
2.3.81, there exists a Z-embedding gm+i : pn -+ pk such that d(f, gm+l) < 2-(m+1) 
and gm+l/&(&) = f/i,(Am). Let A m+l = gn+l(pn). Using the n-invertibility of 
f and the fibered Z-set approximation (Proposition 3.1) we can take a Z-embedding 
&+I : An+1 + p” such that f &+I = id&+, . This completes the inductive step. 
Let us show that the collection {A,} is a 2(k, n)-skeleton. Obviously, each A, is a 
Z-set and A, C Am+l, By Theorem 2.3, it suffices to verify the following condition: 
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(*) for each E > 0, for each m E N and for each at most n-dimensional Z-set 2 in pk, 
there exists an integer t > m and a Z-embedding e : 2 + At such that e/(Zn A,) = id 
and d(e,idz) < E. 
Let t > m be so large that 3 . 2-(t+‘) < E. At the t-stage of the above construction, 
we have a Z-embedding it : At --+ pun such that fit = id&. Since f is a UP-‘- 
map between LC”-’ compacta and dim 2 < n, there is a map T : 2 + pn such that 
r/(2 n At) = it/(2 n A,) and d(fr,idz) < 2- (tfl), Since it is a Z-embedding, 
there exists a Z-embedding s: 2 --+ pn such that s/(2 f? At) = it/(2 n A,) and 
d(fs, jr) < 2-ct+‘). Finally let i = gt+ls : 2 -+ At+,. Simple verifications show that 
d(i, idz) < E and i/(2 n At) = id. In particular, i/(2 n A,) = id. 
Thus {A,: m E N} is a 2(k, n)-skeleton in p Ic. The corresponding 2(lc, n)-skeletoid 
is the union C(k,n) = lJE=, A,. 0 
Remark 3.1. It easily follows from the above construction that if A is a given aZ-set 
in pk, then there is a 2(/c, n)-skeletoid which does not intersect A. 
In what follows, we consider only the case k = n. In order to simplify notations, we 
write 2 = 2(n,n). 
The spaces P = E(n,n) and IP = pn - En are called the categorical pseudo- 
boundary and the categorical pseudo-interior of pUn respectively. They were originally 
constructed in [ 10, p. 1521. In the remainder of this paper 2-skeletoids and their comple- 
ments in I_L~ are referred as pseudo-boundaries and pseudo-interiors of CL” respectively. 
Applying the general theory of skeletoids (see Subsection 2.2) to our situation we 
easily obtain the following statements (recall that 2 is a perfect collection in p”). 
Proposition 3.2. If A and B are pseudo-boundaries in pLn, then the set 
{h E Auth(pn): h(A) = B} 
is dense in Auth(pn). 
Proposition 3.3. Let A be a pseudo-boundary of p” and B be a aZ-set in pn. Then 
A U B is also a pseudo-boundary in pn. 
Corollary 3.1. If A is a pseudo-boundary in p” which is contained in a aZ-set B of 
p”, then the set {h E Auth(pun): h(A) = B} is dense in Auth(pn). 
3.3. General properties of pseudo-interiors 
Let us establish some important properties of zP and En. 
Proposition 3.4. vn E LP- n C”-‘. 
Proof. Since pn E LC”-’ n CD-’ and the complement of vn (= En) is a aZ-set, the 
conclusion follows easily. Cl 
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The following statement, the proof of which immediately follows from [23], will be 
used in the proof of Proposition 3.6, 
Proposition 3.5. Let f : P + Y be a map of a separable metrizable space P into a 
compactum Y. Then f admits an extension F : P -+ Y to a metrizable compactijkation 
5 of P such that dim p = dim P. 
For a Polish space P, C(P, v”) denotes the space of all continuous maps of P into vn 
endowed with the limitation topology. It is known [32,6] that C(P, v”) is a Baire space. 
Proposition 3.6. Let P be an at most n-dimensional Polish space. Then the set of all 
Z-embeddings of P into vn is a dense G&-subset of C(P, un). 
Proof. Clearly, the set of all Z-embeddings of P into z? is a G&-set in C(P, v”). 
Therefore, it only remains to show that this set is dense in C(P, vn). Let f : P -+ vn be 
a map and U be an open cover of Y”. Take a collection V of open sets of pLn such that 
v/z7 = U and let M = U V. By Proposition 3.5, f has an extension F : 2; -+ pn, where 
f; is a metrizable compactification of P such that dim p = dim P < n. Let Q = f-‘(M) 
and g = F/Q. Clearly, g is a proper map defined on a locally compact metrizable space 
Q. Since M is a p”-manifold and dimQ < n, we can find a Z-embedding gt : Q + M 
which is V-close to g. Since M n En is a gZ-set in M, we may assume that gt(Q) is 
contained in vn. Note also that gt (Q) - gt (P) = g1 (Q - P) is g-compact (recall that P, 
being a Polish space, is Gg in Q). By Proposition 3.3, C” Ugl(Q - P) is a Z-skeletoid 
in @. By Theorem 2.4, (M n En) Ugl (Q - P) is a Z(M)-skeletoid in M. By the same 
reason, M n C” is also a Z(M)-skeletoid. By Theorem 2.2, there is an h E At&(M) 
which is V-close to idM and such that 
h((MnC”) Ugl(Q-P)) = MnC”. 
Then the embedding g2 = hgl/P: P -+ vn is St(V)-close to f and obviously g2(P) is a 
Z-set in v”. 0 
Corollary 3.2. The space V* has the Discrete n-cell Approximation Property, i.e., each 
map f:$JJ -+ vn, where each IJF is an n-cell, can be approximated arbitrarily 
closely by a map g : ej I; -+ vn such that the collection {g(I~)}~, is discrete. 
Corollary 3.3. dim vn = n. 
Proposition 3.7. Let A be a oZ-set in vn. Then the inclusion map i : vn - A -_) u” is 
a near homeomorphism. 
Proof. Let U be an open cover of vn and V be a collection of open sets of pn such 
that V/vn = U. Let M = UV. As in the proof of Proposition 3.6, we can conclude 
that AU (C” n M) is a Z(M)-skeletoid. Obviously, C” n M is also a Z(M)-skeletoid. 
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Therefore, by Theorem 2.2, there is an h E Auth(M) which is V-close to idM and such 
that h(A u (23” n M)) = C” n M. Clearly, 
h(vn -A)=h(M-(Au(PnM)) =M-h(Au(C”nM)) 
=M- (C”nM) =vn. 
It only remains to note that h/(vn - A) is U-close to i. 0 
Lemma 3.2. Each compact subset of vn is a strong Z-set. 
Proof. This is a special case of [ 14, Corollary 2.2.181. q 
Proposition 3.8. Each homeomorphism between compact subsets of vn can be extended 
to an autohomeomorphism of un. 
Proof. Each compact subset of P is a Z-set in pn. Consequently the conclusion follows 
from the Z-set unknotting theorem [3, 3.1.11 and the uniqueness of skeletoids (Theorem 
2.2). 0 
Corollary 3.4. The space vn is topologically homogeneous. 
The following statement will be used in the sequel. 
Proposition 3.9. C” E LC”-’ Ti Cn- * . 
Proof. We prove that for each E > 0, there is a 6 > 0 such that 
(*) for each map cy: SP + C n, 0 < p 6 n - 1, with diam(im(a)) < 6, there is an 
extension Q* : @‘+I + C” such that diam(im(cr*)) < E. 
Let {Ai} be a skeleton such that Uz”=, Ai = C”. First we show that 
(1) for each E > 0, there is a bt = St(e) > 0 such that (*) is true for each map 
cy : SP + C” such that diam(im(a)) < 61 and im(cr) is a Z-set which is contained in 
some Ai. 
Proofof (1). For a given E > 0, let 61 > 0 be a number such that for each map cr : SP + 
pLn, 0 < p 6 n - 1, with diam(im(cr)) < 61, there is an extension of : BP+’ -+ pn such 
that diam(im(a*)) < ~/4. To prove that this bt is the desired number, take any map 
(Y : SP -+ Ai as above. There is an extension cy’ : BP+’ -+ pn such that diam(im(o’)) < 
~/4. By the Z-set approximation theorem (13, 2.3.8]), we may assume that im(cY’) is a 
Z-set. Applying Theorem 2.3 to im(o’), i and .e/4 we get an embedding f : im(cr’) + Aj 
into some Aj which is e/bclose to id and f/(im(cr’) n Ai) = id. Then fcr’ : BP+’ --+ A, 
is an extension of CY such that diam(im(fa’)) < E. This completes the proof of (1). 
Next we prove that 
(2) for each c > 0 there is a 62 = &(E) > 0 such that (*) is true for each map 
cy: SP -+ P, 0 6 p < n - 1, such that diam(im(cy)) < 52 and im(cu) is a Z-set. 
Proof of (2). For a given E > 0 we show that 62 = 6t (~/4)/z is the required number. 
Take a sequence {LYE : SP + Ai,) such that lim,,, CY, = cr and im(a,) is a Z-set 
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for each m (apply Theorem 2.3). Noticing that 61 in (1) does not depend on Ai, we 
can take an e,-homotopy H, : S’ x [O, l] + P such that H,(z, 0) = a,(z) and 
&(T 1) = cym+t (XL’), where limm_,oo E, = 0. Let H:Sp x [O,l] + En be a map 
defined by 
H(x,t) = 
i 
I&(z,m(m -t- l)(t - 1 + l/m)), if t E [l - l/m, 1 - l/(m + l)], 
4x)7 if t= 1. 
Then H is continuous and H/S) x [l - l/m, l] gives a homotopy between CY, and cr. 
Since, for sufficiently large m, cr, is null homotopic in Cn by an e/Chomotopy (see 
(l)), we conclude that a is null homotopic in C” by an E-homotopy. 
A similar argument allows us to obtain the final conclusion. 0 
Remark 3.2. For a similar situation see [7, Theorem 3.61. 
Proposition 3.10. Let {Ai} be an increasing sequence of compacta in pn satisfying the 
following properties: 
(1) each Ai is homeomorphic to ,u” and is a Z-set both in Ai+l and in pn, 
(2) {Ai} is an equi-LCn-l-family, 
(3) for each E > 0 there is an integer m > 0 such that for each i > m, Ai is e-dense. 
Then {Ai} is a pseudo-boundary, 
Proof. By Theorem 2.3, it suffices to check the following absorption property. 
l for each Z-set 2 in pn, for each E > 0 and for each k, there exist an integer 1 > k 
and an embedding h : 2 + Al such that d(h, id) < E and h/(Ak n 2) = id. 
Since the collection {Ai} forms an equi-LC”-l-family and dim 2 < n, using the proof 
of [20, Lemma 2.11 and the nerve replacement trick [26, Chapter 2, Section 1.21, we can 
find a map f : 2 + At which is e/2-close to id such that f/Ak = id. By the DD”P, we 
can approximate f by an embedding h which is c/2-close to f so that h/Ak = id. q 
4. Geometric pseudo-boundaries 
In this section, using Menger’s original construction, we define the geometric pseudo- 
boundary of the n-dimensional Menger compacturn M,P @ b 2n -I- 1). Also, “digging 
out larger holes”, we give another description of the categorical pseudo-boundary. This 
special construction will be important in the next section. 
As a metric on RP, we use the maximum metric, i.e., 
d((Zi), (yi)) = max { ]2i - yij: i = 1,. . . ,p}. 
The closed c-neighborhood of a subset A of RP is denoted by N(A, E). For a manifold 
M, aM denotes its manifold boundary. The unit interval. [0, l] is denoted by 1. 
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Menger’s construction of Mi 
For each integer i > 0, &(p) denotes the cell complex structure of Ip whose p-cells 
are of the form 
For a subcomplex K of &(p), st(K, &(p)) denotes the star of K in &(p). The sub- 
division sd K of K by &+I (p) means the cell complex structure of K consisting of 
all cells of &+I (p) contained in K. The k-skeleton of &(p), that is, the union of all 
k-dimensional cells of &(p), is denoted by f i”’ (p). 
Under the above notation, we define the n-dimensional Menger compacturn Mi (p > 
2n + 1) as follows. Fix p and n so that p 2 2n + 1. Let MO(P) = Ip and for each integer 
i > 0, let 
W+I(P) = st(sdL~“‘(p)lM,(p),~~+l(p)). 
In this way we obtain a decreasing sequence of compacta, and 
M: = fi Mi(p). 
i=O 
By Theorem 2.1, MjTj is homeomorphic to pCLn. The indices n and p will be omitted if 
there is no confusion. We will also use another description of M,P. Let 
Vi = 2t+1: 
2.3i-1 
t = 0 1 . 9 >’ .> 3i-’ and V=gVi. 
i=l 
Also 
p factors 
Bi =i/i 
is the set of centers of p-cells of Ci. Let P be the finite collection of homeomorphisms 
of RP defined by permutations of coordinates. For each i, we define 
Di = U {a({~} x Ip-“-‘): a E ‘P and c E yn+‘} 
and 
Then Di can be regarded as the “dual (p - n - 1)-skeleton” of Li and Ni as the regular 
neighborhood of Di. It is easy to see that 
Mz = Ip - E int(Ni), I’ = Mi+l (p) U Ni 
i=l 
and 
a Mi = Mi+l (p) n (Ni U alp). 
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4.1. Geometric pseudo-boundary and pseudo-interior 
Here we consider the Menger compacturn M: where p > 2n + 1, and define the 
geometric pseudo-boundary B(Mi) and the geometric pseudo-interior I(Mi). Recall 
that M,P is homeomorphic to pn. The geomettic pseudo-boundary is defined by 
B(M$=M,Pni&% 
i=l 
and the geometric pseudo-interior is defined by 
I(M,) = M, - B(M,). 
It is convenient to consider the subset F(M,P) of B(MK) defined by 
F(Mi) = B(ME) n int(P). 
We define a sequence of p-cells 11 C I2 2 13 C . . . of IP of the forms It = [at, bt]P, 
where 0 < at < bt < 1, lim++, at = 0 and limt __,Do bt = 1. In particular, Lim It = IP. 
Let Fi = Ii n aMi fl M,P. Then {Fi} 1s an increasing sequence of compacta such that 
llj Fi = F(M,P). 
i=l 
Further, let aM,P = B(Ml) n 3P. Then aM{ is a Z-set and F(M/j’) U aM,P = B(Mz). 
Theorem 4.1. B(M{) and F(M$ are o-compact, LP-‘- and P-‘-spaces. 
Proof. First we prove that 
(1) each ZlMi is C”-‘. 
Let A = cl(aMi n int(Mi_l)) and B = aMi n aMi_1. Then aMi = A U B. Notice 
also the following: 
A = (the regular nbhd of the n-skeleton of &_l/Mi_,) 
n (the regular nbhd of the dual (p - n - I)-skeleton of /Ci_l), 
B = aMi- - (the regular nbhd of the dual (p - n - 2)-skeleton of 
&-l/aMi--1) 
and 
A n B = (the regular nbhd of the dual (p - n - 2)-skeleton of &-l/aMi_1) 
n (the regular nbhd of the n-skeleton of &_,/aM+,). 
By Van-Kampen’s Theorem, the Mayer-Vietoris sequence for singular homologies and 
the Hurewicz Theorem, it suffices to prove that 
(2) A and B are (n - I)- connected and A n B is (n - 2)-connected. 
Take a map a : S* + A, where 0 < q < n - 1, and extend it to a map CY* :BQ+’ + IP. 
Since p > 2n + 1, by general position, we may assume that im(a*) does not intersect 
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either the n-skeleton or the dual (p - n - l)-skeleton of Li-1. Then im(cr*) can be 
deformed into A, the intersection of their regular neighborhoods, keeping im(cr) fixed. 
Hence, A E P-l. Similar arguments can be applied to see that B E Cn-’ and An B E 
Pe2. This proves the assertion (2) and, consequently, assertion (1). 
Since meshCj + 0 as j + co, we can easily see that {aMi} forms an equi-IL”-’ I- 
Cm-‘-family. By the construction, {aMi n h/i,“} is also an equi-1C”-‘-family. As in 
Proposition 3.9 one can show that B(Mz) E LCn-’ n C’+‘. 
Since F(Mg) = B(M$ - aA and aM is a Z-set, we conclude that F(ME) E 
LCn-’ n P-I. 0 
Remark 4.1. If p 2 2n + 2, then it is easy to see that aMi fl M is homeomorphic to 
pn. If p = 2n + 1, then aMi f? M is essentially a finite union of Menger compacta of 
“type Mz”. 
Theorem 4.2. If p > 2n + 2, then B(M$) is a Z-skeletoid. Therefore, vn is homeomor- 
phic to I(Mi). 
Proof. From the definition, B(MK) = Ui(aMi n M[) and each aMi n M,P is a Z-set 
in both Mz and aMi- rl h/i,“. Since p 2 2n + 2, aMi n Mt is homeomorphic to ~_ln 
(see the above remark). As in the proof of Theorem 4.1, the collection {aMi n Mt} is 
an equi-lCn-‘-family. Then Proposition 3.10 gives the desired conclusion. 0 
4.2. Geometric description of P 
In this subsection, we fix p and n so that p = 2n + 1. For an index i 2 0, take an 
&i > 0 satisfying the following conditions: 
(a) For each (u, w) E qn+l x%F+l and for each pair (i, j) of indices either N(u, Ei)n 
N(v, ~j) = 8 or one of them contains the other in its interior. 
(b) Each pair of members of 
Ki= N u,Ei+ c ( A): u E y+‘} ” {N(aP+',Eo)} 
is mutually disjoint or one contains the other in its interior. 
(C) Ei < 1/3i+2. 
Let & = {Ei} and let mesh& = supi( 
Let NT = int N(Nt , ~1) and Ni = Xl. Inductively, suppose that an open subset N,* of 
12n+1 and a subcollection Ni of Ki have already been defined. Let Ni+l be the maximal 
subcollection of Ici+t which is disjoint from 
cl( b (vn:,) u N(aP+‘,&o) 
j=l 
Then 
~~$1 = U { a(intN(v,ii+i + A) x in): 
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We define 
M(E) = 12n+1 - intN(a12”+‘,sO) u fiN: 
i=l 
Clearly M(E) is homeomorphic to M = A4z+i. 
The next lemma is crucial for the construction. 
Lemma 4.1. (1) M(E) is a Z-set in M. 
(2) Fur each i 2 1 andfor each (2n + 1)-c& e of &, e fl M(E) is homeomolphic to 
M ifit is not empty and Fr(e n M(E)) is a Z-set in M(E) n e. 
Proof. (1) Since each aikfj is an (n- 1)-connected ANR and dimM = n, we can find a 
map r-j : M + aMj such that d(rj, id) -+ 0 as j -+ 03. Noticing that aMj fl M(E) = 0, 
it is easy to see the conclusion. 
(2) This is clear from the construction. 0 
For each i > 0, take a sequence Ei satisfying the conditions (a)-(c) so that mesh&i -+ 0 
as i -+ 00. By Lemma 4.1, we have a tower M(EI) 2 M(&z) G M(&) C . . e of Z-sets. 
Theorem 4.3. The sequence {M(&)}+l is a Z-skeleton in M. 
Proof. From the proof of Lemma 4.1, it is clear that M(&+l) is a Z-set both in M and 
M(Ei). It is easy to see that {M(Ei)} f orms an equi-LC”-l-family. Applying Proposition 
3.10, we obtain the desired conclusion. •I 
Corollary 4.1. (pLn, C”) is homeomorphic to (M, UrI M(&)). In purticulul; V” is 
homeomorphic to M - IJZ, M(&). 
Remark 4.2. We used the Menger construction for ease of description, but we can apply 
essentially the same arguments as above to the Lefshetz construction. However, these 
arguments do not apply to the Bestvina construction, because the corresponding geometric 
pseudo-boundary to his construction yields a countable union of (n - 1)-dimensional 
Menger compacta pn-‘. 
5. Equivalence of categorical and geometric pseudo-interiors 
This section is devoted to the proof of the following theorem. 
Theorem 5.1. I(ME) = M - B(Mz), p 2 2n + 1, is homeomorphic CO vn. 
Recall that B(MK) = F(M$) U aM,P and aME is a Z-set. By Proposition 3.3, we 
may assume that rT > aME and JY - aM; is homeomorphic to vn by Proposition 
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3.7. Thus, Theorem 5.1 is a direct consequence of the next result. In what follows, we 
assume that p = 2n + 1 and omit the indices for simplicity. 
Theorem 5.2. Let M = Mz+‘. There is a continuous surjection f : M + M satisfying 
the following properties: 
(1) f-‘(F(M)) = C”. 
(2) f/v” : M - C” + M - F(M) is a homeomorphism. 
(3) f(aM) = aM. 
Recall the notation from Section 4. In particular, M = nE”=, Mi, where 
Mi+, = st(sd Lt”)/Mi, Ci+,) 
for the standard cell complex structure li of I 2n+*. Also, M can be represented as 
M = 12n+’ - Uz”=, int(Ni), w h ere Ni is the regular neighborhood of the “dual n- 
skeleton” of Li. Also we have that 12n+1 = Mi U Ni and 
aMi = Mi 0 (Ni U a12”+‘). 
The set of all (2n + 1)-cells of &/Mi naturally determines a partition of Mi, denoted 
by Ui. The restriction of Ui to M determines the partition lfzF of M consisting of 
homeomorphic copies of M. F(M) has a tower structure F(M) = Uz”=, Fi. If aM = 
M n a12nf1, then F(M) = B(M) - aM. 
It is convenient to use the Z-skeletoid constructed in Subsection 4.2. Fix a sequence 
(Ei) in the construction and let Xi = M(Ei). The following property of Xi, stated in 
Lemma 4.1, will be important in the sequel. 
(*) For each U E Uj with int(U) n Xi # 0 we have that U n Xi is homeomorphic to 
M and Fr(U) c1 Xi is a Z-set in U n Xi. 
The required map f : M -+ M is constructed as the limit of a sequence of surjections. 
More precisely, we construct a sequence of continuous surjections {fi : M + M} and a 
sequence {Zi} of compacta satisfying the following properties: 
(a) fi is a UP-’ -map such that f,T’(Zi) = Xi, fi(aM) = aM and fi/. . . : M - 
Xi + M - Zi is a homeomorphism. 
(b) d(fi, fi+l) < 2-(i+‘). 
Cc> fi+l /Xi = fi/Xi. 
(d) Fi C Zi C_ Uj”=, Fj and, hence, Uz”=, Zi = Uz”=, Fi = F(M). 
The condition (b) guarantees that f = limi,, fi exists. To ensure that f satisfies the 
desired conditions, the following control will be involved. There is a continuous function 
bi : M --+ [0, 2-(i+1)) such that: 
(e) b,‘(O) = Zi and S,(z) < d(s, &)/3 for each 5 E M. 
(f) For each subset A of M with diamA < sup{bi(x): z E A} we have diamf%y’(A) 
< 2-i. 
(g) d(fi(z), fi+j(Z)) < 6i(_fi(s)) for each z and each j > 0. 
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It follows from (a), (c) and (d) that 
f %;xi =yJzyJFi. ( 1 i=l i=l 
Conditions (b) and (g) ensure that no points of A4 - lJ,“=r Xi are mapped into U,“=, Fi 
by f. Thus 
f-’ fiFi = 5Xi. 
( ) i=l i=l 
Take any point y of M - UE”=, Fi. Then, by (g), we have 
f-‘(y) G fi f;’ (NC!/, Q>, 
i=l 
where 6i = 2&(y). Applying the condition (f), we see that f-‘(y) is a point. Thus, the 
map f has the desired properties. 
For the construction of these sequences, we need two lemmas. 
Lemma 5.1. Let A be a Z-set in a Menger manifold N and U be an open set containing 
A. For each E > 0, there is a 6 > 0 such that 
l for each UP-‘-map f : A + B between Z-sets in U with d(f, id) < 6 there is an 
extension F : N + N such that d(F, id) < E, F/(N - U) = id and F/ : N - A + N - B 
is a homeomorphism. 
Proof. Suppose that f : A + B is a UV*-‘-map between Z-sets in an open set U. We 
first prove that f extends to a UP-‘-map F : N + N so that F/ . . . : N-A -+ N-B 
is a homeomorphism and F/(N - U) = id. 
Consider the adjunction space N Uf B and let r : N + N Uf B be the projection. By 
[3, 4.1.21, N Uf B is a Menger manifold and 7r is a strong near homeomorphism and it 
is easy to see that T(A) is a Z-set in N Uf B, which is contained in the open set x(U). 
Take a homeomorphism h : N + N Uf B such that h/(N - U) = T/(N - U) and define 
a homeomorphism k:r(A) -+ h(B) by k = hfr-‘/r(A). Apply the Z-set unknotting 
theorem to obtain an extension K: NUfB --+ NUfB of k so that K/(NufB-T(U)) = 
id. Then it is easy to see that F = h-’ KT is the desired extension. 
To obtain the controlled version as required in the lemma, suppose that d(f, id) < 6 
for sufficiently small 6 so that A U B is contained in the interior of a Menger manifold 
V in U. Take an extension F : N + N of f constructed above and choose a connected 
Menger manifold W which is a finite union of elements of Lii for a large i such that 
(1) A C intW C W G V. 
(2) Fr W is a Z-set in W and in (V - W) U Fr W. 
(3) d(F/W,id) < 6. 
By taking sufficiently small 6, we can proceed as in [3, 3.1.1-31 to construct an &-homeo- 
morphismj:V-W-tV-F(W) so that j/Fr V = id and j/Fr W = F. It naturally 
extends to a homeomorphism J : N - W + N - F(W) by defining J/(N - W) = id. 
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Then F* : N + N defined by F*/(N - W) = J and F* / W = F is the desired 
extension. 0 
Remark 5.1. The argument in [3, 2.4-71 allows us to obtain a slightly stronger conclu- 
sion. That is, for each continuous function E : A4 -+ [0, 00) such that 6-r (0) = A, we 
can find another continuous function 6: M + [0, m) satisfying the same conclusion as 
in Lemma 5.1 above. 
Recall that U%y is the partition of M consisting of the restrictions of (2n + l)-cells 
of Mi and F, = Ii n M n aMi. A compacturn K of M is called a nice compacturn of 
M (of F(M) respectively) if it is the union of some (possibly infinitely many) elements 
of U&F (U(U,F n F(M)) respectively). For a subset A of M, St(A,U,F) denotes the 
collection of members of .?Jfi which intersect A and st(A, Z&F) = U St(A, I,!%%). 
Lemma 5.2. Let f : M -+ M be a UV”-‘-surjection and A be a nice compactum of 
F(M) such that 
(1) A is a Z-set in M, and f-’ (A) = X, for some s, 
(2) fl.. . : M - X, -+ M - A is a homeomorphism. 
For each t > 1 andfor each continuousfunction E : M + [0, l), with A = e-‘(O), there 
exist a nice compactum X in M, a nice compactum 2 in F(M) and a UP-‘-surjection 
g : f(X) + 2 such that 
(3) X, C X 2 IJE, Xl and X, is a Z-set in X; A U Ft 2 Z C F(M) and A U Ft 
is a Z-set in Z. 
(4) d(g, id) < E and g/A = id. 
Proof. Define a sequence {Vi} of subcomplexes of { Mi} by Uo = 12nf1, Vi = st(A, Ui) 
and a sequence {U%g} of nice compacta of M by UcM = M, U%fl = st(A, U%?) = UinM 
for each i. For simplicity, let Ei = cl(Ui - Ui+l) and Ezfl = Ei n M. Further let 
Ei = min {e(z): 3: E EM} > 0 
and take a subsequence {Uk(i)} of {Ui}iaj an d an increasing subsequence {j(i)} so that 
(a) meshf(St(f-‘(E2g),Uj(i))) < &i/3. 
(b) for each U E St(EM,Z+i)) there is an element Vu E Uj(i) such that f-‘(U) c 
st(vU,uj(i)). 
Define a partition P of M - A by 
(c) P/E,” = ZQi)+l/EY for i > 1. 
The nice compacturn Z is defined by 
(d) Z = Au Uzr QJ+~+~ n EM. 
Let us show that 
(e) Z is an LC”-‘- and Cn-t-compactum and A is a Z-set in Z. 
Proof of(e). First of all we prove the following assertion. 
(f) Z - A is uniformly LC”-‘. 
Take a map cx : Sq + Z - A (0 < q < n - 1) with a small image and extend it to a 
map (Y* : Bq+’ + M with a small image by the LCn-’ property of M. Since A u aM 
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(recall that dM = M n N2n+‘) is a Z-set of M, we may assume that im(a*) does not 
intersect A U i3M, hence it is contained in UE”=, Ezg for some m. Regarding cy* as a 
map into UEo Mk(i)+t+l fl Ei, take a PL approximation Cr of cy* such that 
G(SP) c fi Wc(i)+t+l f~ 4 n Ik(O)+t+l .
i=O 
By general position and the property of regular neighborhoods, we can absorb im(Z) 
into 
m 
(Eo n aMk(O)+t+l n G(O)+t+l) u u(Mk(i)+t+I n 4) 
i=O 
keeping G(Sq) fixed. Let A0 be the image of im(G) under this absorption. Next we 
absorb A0 into 
j=o i=2 
Continuing this process m times, we obtain a map 
( 
1 m 
Ik(O)+k+l n u@“k(0)+t+j n Ej) U IJ(~k(i)+t+l n Ei) . 
( 
m 
(Y’ : gq+’ + &(,,)+k+l n IJ aMk(i)+t+l n Ei 
i=o ) 
which is homotopic to Grel. SQ. Since 6 is a PL map and the above absorption can be 
performed by PL homotopies, we may assume that im(cY’) is tame in Uzo &fk(i)+t+i 
in the sense of Stank0 [29, p. 2351. By the proof of [30, Theorem 21, we may further 
absorb im(a’) into UE, Fk~~)+~+i n Ei M keeping G(SQ) fixed. The resulting map is an 
extension of Z/S’” into 2 with a small image. An examination of the “size of the above 
absorption moves” shows that we have proved the following statement: 
l For each E > 0 there exists a 6 > 0 such that, for each map a : 5’4 + 2 - A with 
diam(im(c-u)) < b and for each 0 > 0, there exists a map 67: Bq+’ -+ 2 - A such that 
d(Z/Sq, o) < p and diam(im(E)) < E. 
Using the above, a method similar to that of Proposition 3.9 gives us the desired asser- 
tion (f). 
To prove the LC”-’ property of 2, take a map CY :Sq -+ 2 (0 < q < n - 1) with 
a small image. If im(cu) does not intersect A, (f) immediately gives an extension to 
gQ+’ with small image. Suppose that im(a) n A # 0. Then, since A is a Z-set, there 
is a sequence {oi : S’J + M - A} of maps such that limi_,oo CX~ = cr. The “absorption 
technique” described in the proof of (f) enables us to assume that 
im(cyi) C c E, 
s=o 
for some mi. Again, the method of Proposition 3.9 gives us an extension of (Y to Bq+’ 
with a small image. 
The same argument can be applied to prove (n - 1)-connectedness of 2. 
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Any map Q : I” + M can be approximated by another map (Y’ : I” --+ M - A because 
A is a Z-set in M. Then the “absorption technique” can be applied again to approximate 
cu’ by a map G’ : In + 2 - A. This shows that A is a Z-set in 2 and finishes the proof 
of (e). 
Observe that 2 is a Z-set in M and 2 - A has a locally finite partition of the form 
lJ~e{Uj+)+i/Zi n E?} and Ft C_ Z. 
Next we define a nice compacturn X. Take an increasing sequence (mj) with ml > Ic 
such that 
(g) meshf@&) < (.ei + 1)/3 and for each U E &(i)+t, f(Xmi) n int(U) # 0. 
Inductively, we define (Wi) as follows. WO = st(f-‘(cl(M - Ut)),Z.&) and if I4’i is 
defined, then Wi+l = st(cl(f-‘(&+I) - Wi>,&,+,). Then 
x=x.“~w,nxmi. 
i=o 
By an argument, similar to the proof of (e), we can prove that 
(h) X is homeomorphic to M and X, is a Z-set in X. 
We claim that 
(i) each map Q: 9 + U n f(X), where U E I//k(i) - St(A,Z+i)) is null homotopic 
by an ci-homotopy (0 6 q < n - 1). 
Proof of (i). By (a) and (b), there is an element Vu E Uj(i) such that f-‘(U) 2 
st(Vu, U,(i)) and diamf(st(Vv, U,(i))) < &i/3. Since st(Vv, U,(i)) is (n- 1)-connected, 
f-‘cu N 0 in st(Vv, Ujcij). Th us, a is Ei-homotopic to a constant map. 
From the construction, f(X) nint(U) # 0 for each U E Uk(i)+l /(M - Uk+j+l). Since 
2 is an LP-‘- and Cn-‘-compacturn and dim!(X) = n, there is a map T- : f(X) -+ 2 
such that Q(X)) 17 int(U) # 0 for each U E Z+i)+l/(M - Ui+l). Using r as a 
“guide map” and using the above mentioned partition of 2, we proceed as in [3, 2.4- 
2.7 and Appendix]. Using (g) we construct a UP-‘-map g: f(X) + 2 such that 
g(f(X) n U) C st*(U,L$,,+l) for each U E .l+i~+~/(M - Vi+,). By the choice of 
Uk(i)+r, we have d(g, id) < E. This finishes the verification of (i) and completes the 
proof of Lemma 5.2. 0 
Now we are ready to prove Theorem 5.2. Inductively, we define the required sequence 
as follows. 
i = 1. Let 21 = Fl and take a UV*-l-surjection gi : Xi + 21. Existence of such a 
map is guaranteed by [3, Theorem 5.1.81 (see [21, Theorem 11) for another construction). 
By Lemma 5.1, we have an extension fi : M + M which maps M - X1 homeomorphi- 
tally onto M - 2, so that fl(aM) = aM. Let Xi, = Xi and take an index ji such that 
mesh&, < 2-3 and take a continuous function bi : M -+ [0,2-i) for 21 as in (e)-(g). 
For 6i/2, take yt : M + [0,2-i) as in Remark 5.1. 
i = 2. This step describes the general procedure. Applying Lemma 5.2 to X, = Xi,, 
A = Zl, t = 2 and f = ft, we obtain a nice Cn-‘compacturn Xi, in M, Z2 in F(M) 
and a UP-i-map gi : fi(Xi2) + Z2 such that 
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xi, c xi, c (j xi, 
i=l 
21 U FZ C 2~ and d(gl , id) < yt , y1 /Z, = id. 
By Lemma 5.1, we can define an extension gi : A4 -+ A4 which maps M - fi (Xi2) 
homeomorphically onto M - 22 so that d(g{, id) < 61 and gi/i3M = id. Let f2 = 
g{fi : M -+ M. Then f2 satisfies (a)-(e). 
Continuing this process, we obtain the desired sequence {fi}. This completes the 
proof. 
6. Equivalence of the NSbeling space and the pseudo-interior of pn 
Recall that the Nobeling space Ni is defined as follows: 
NE = {z E Rp: at most n coordinates of z are rational}. 
It is easy to see that NE fl Int(IP) is homeomorphic to N,” (we have a homeomorphism 
between Int(IP) and RP preserving rational points). The purpose of this section is to 
prove the following: 
Theorem 6.1. If p 2 2n + 1, the geometric pseudo-interior I(Mi) is homeomorphic to
NP 7%’ 
By the above remark, it suffices to establish a homeomorphism between I(M&‘) and 
NE fl Int(IP). From the definition of NE, 
Int(IP) - NE = 6 Li, 
i=l 
where each Li is an open (p - n - 1)-dimensional cell. The following theorem due 
to Torudczyk [31] is an essential ingredient of the proof. The authors are grateful to 
Prof. J. Mogilski for this information. A polyhedron K in Int(IP) is said to be tame if 
there is a homeomorphism h : Int(lP) t Int(Ip) such that h(K) is a subcomplex of the 
standard PL structure of IP. 
Theorem 6.2. Suppose that p b 2n + 1. Then {Li} f arms an absorber with respect o 
all n-dimensional, ocally compact, tame polyhedra in Int(IP). 
For the proof of Theorem 6.1, we first construct a surjection f : Mi -+ IP which 
maps I(M;) homeomorphically onto IP - f(B(Mg)). From the construction of the map 
and from the proof of Theorem 5.2, we see that f(B(Mt)) n Int(lP) = f(F(ME)) 
forms an absorber with respect to the same class as does {La}. Then the uniqueness of 
absorbers (Theorem 2.2) gives us a homeomorphism between Int(IP) - f(B(M,P)) and 
NE fl Int(IP), which finishes the proof. 
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Therefore, in order to prove Theorem 6.1 it suffices to prove the following statement. 
In what follows, we fix n and p so that p 3 2n + 1 and omit these indices. 
Theorem 6.3. There is a continuous surjection f: M + IP such that: 
(1) f (F(M)) is an absorber with respect to all locally compact, n-dimensional tame 
polyhedra in bit(P). 
(2) f-‘(f(F(M))) = F(M), f-‘(alp) = W’ and 
f/(M - B(M)) : A4 - B(M) -+ Int(Ip) - f(F(A4)) 
is a homeomorphism. 
Proof. The desired map is defined as the restriction (to h/l) of the limit of a sequence 
{fi : P -+ P} of surjections. Recall notations from Section 4. In particular, Di = Di(p) 
is the “dual (p - n - 1)-skeleton” of Li and IVi = Ni(p) is its regular neighborhood. 
{Di} and {IV,} are increasing sequences. For a sequence {&i} with 0 < &i < 3-(if1), 
we define fi as follows. 
Construction of fl. Since IVi is a regular neighborhood of D1 with respect to Li , there 
is a map fi : IP + IP such that 
(1.1) d(ft,id) < 3-l and suppfi G N(Ni,&i). 
(1.2) f,(N,) = D,. 
Note that the map fi is induced by the standard retraction of AJi onto Dl. 
Construction of f2. Recall that IV.2 is a regular neighborhood of D2. From the con- 
struction of fi, it is easy to see that fi (I$) retracts onto Dz. Let r2 : P -+ IP be the 
retraction of fi(N2) onto D2 and let f2 = r2fl. By a careful choice of r2, we may 
assume that f2 satisfies the following conditions: 
(2.1) 4f2, fl) < 3-2 and suppfz C N(I%, 4. 
(2.2) f;‘(fz(%)) = N2 and fz(N) = f,(N) = Dl. 
(2.3) If z, y E Ip--Nz and d(z, y) > 3-l +EZ, then d(fz(x), fz(y)) > 5/2 . 32 > 2/32. 
Continuing this process, we obtain a sequence { fi : I* + It’} such that 
(i.1) d(fi+l, fi) < 3-i and supp fi C N(N,,E~). 
(i.2) f%:‘(fi(Ni)) = IVi and fi(IVj) = fj(Nj) = Dj for each j < i. 
(i.3) If z, y E IP - Ni and d(z, y) > 3- ciP1) +2.&i, then d(fi(z), fi(y)) > _5/2. 3i > 
2/3i. 
Then f = limi+m fi exists (by (i.1)) and it is a surjection. Conditions (i.2) guarantee 
that 
Taking sufficiently small Q’S, we may assume that, for any point z E Ip - UE-, Ni, 
f(x) E Ip - fi Di, 
i=l 
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that is, 
For each z E IP, by (i.l), 
It follows from (i.3) that 
fl.. 
i=l 
is a homeomorphism. Since 
F(M) = Int(JP) fl M n fi Ni, 
i=l 
we have the desired condition (2). 
From the construction of f and from the proof of Theorem 5.2, we can see that 
f(F(A4)) is an absorber with respect to all n-dimensional tame polyhedra. This completes 
the proof of Theorem 6.3. 0 
Remark 6.1. From the construction, we see that f /A4 : M + IP is a UVnW1-map. 
Combining Theorems 5.1 and 6.1, we have the following theorem. 
Theorem 6.4. If p 2 2n + 1, V” is homeomorphic to NE. 
Remark 6.2. As in Section 4, we can perform essentially the same argument for the 
Lefschetz construction. but not for the Bestvina construction. 
7. Applications 
In this section, we give some applications of our results, 
Theorem 7.1. Let 0 < n < k < 00 and let f : pn -+ p” be an n-invertible UV”-‘-map 
satisfying the properties (l)-(3) of Proposition 3.1. Then there exists a pseudo-boundary 
A of pk such that f-‘(A) is a pseudo-boundary. 
Proof. Fix a pseudo-boundary B in p” and consider its inverse image f-‘(B). By the 
property (3) of Proposition 3.1, f-’ (B) is a aZ-set in pL”. Let C be a pseudo-boundary 
of pn such that f-‘(B) I? C = 8 (see Remark 3.2). By Proposition 3.3, CUf-‘(B) is a 
pseudo-boundary of prr. Consider the set f(C). Since f(C) G pk -B, we see that f(C) 
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is a aZ-set in pk. By Proposition 3.3, A = f(C U f-‘(B)) = f(C) U I3 is a pseudo- 
boundary in pk. Again by Proposition 3.3, we see that f-‘(A) is a pseudo-boundary 
in pn. 0 
Corollary 7.1. Let 0 6 n < k 6 00 and let f : pL” -+ pk be the map from Proposition 
3.1. For any pair C”, 6” of pseudo-boundaries of pn and pk, there exist autohomeo- 
morphisms F: pn -+ pn and H: pk -+ ,LL” such that (HfF)-‘(C’“) = C”. 
Proof. This follows from Proposition 3.2 (the uniqueness of pseudo-boundaries) and the 
above theorem. 0 
Corollary 7.2. For each n 3 0 there exists a proper n-invertible UV”-‘-surjection 
f : Nz+’ + Rm. 
Proof. Apply Corollary 7.1 and Theorem 6.4. q 
Let fn:pLn +puco = I” be the n-invertible, (n - 1)-soft, UV+‘-map constructed in 
[20, Theorem 1.21 and [21, Theorem 11. The Hilbert space R” is naturally identified with 
the pseudo-interior s of 10°. Dobrowolski and Mogilski asked [ 19, Problem 6121 whether 
the inverse images f;’ (R”) and f;’ (IO0 -R”) are homeomorphic to NC+’ and ,2-t’ 
(= the universal n-dimensional pseudo-boundary of R 2n+1 [25]) respectively. If we could 
show that f;‘(I” - Rm) is a pseudo-boundary, then Theorem 6.4 would provide a 
positive answer to the first homeomorphy. However it is known (A.N. Dranishnikov, a 
private communication) that the inverse image of a Z-set of 1” by fn is not necessarily a 
Z-set in pn. Therefore, it is not clear whether f;’ (IO0 - R”“) is a pseudo-boundary of 1-1~. 
Of course, even if the set f;’ (I”” - R”) is not a pseudo-boundary as a subset of pn, there 
still is a possibility of a positive answer. On the other hand, Theorem 7.1 and its corollaries 
assert that we can construct a proper n-invertible UV”-‘-surjection g : pk -+ P such 
that g-‘(I” - R”) is a pseudo-boundary and g-’ (R”) is homeomorphic to NF+’ . 
Notice also that in Corollary 7.2, we cannot make the map n-soft. This essentially 
follows from [20, Theorems 2.3-41. However, if we do not require the map to be proper, 
we obtain the following generalization of the classical Hausdorff theorem stating that 
R” is an open (= O-soft) image of the space of irrational numbers (= Nd ). 
Theorem 7.2. Let n 2 0. Each Polish absolute extensor (in particular; the separable 
Hilbert space R”) is an n-soft image of N:+’ . 
Proof. The Hilbert space R” is identified with the pseudo-interior of the Hilbert cube 
pLoo. By Corollary 7.1, there is a map f : p”” + pm which has the properties of Proposition 
3.1 and satisfies f-‘(R”) = I/~. By the property (2) of Proposition 3.1, there is a 
subspace A, of I_L~ such that f/A, : A, + pm is n-soft and the complement pLn - A, 
is a oZ-set in pLn. Clearly, f-‘(pw - R”) U (p” - A,) is an n-dimensional pseudo- 
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boundary of pn and, hence, its complement f-‘(ROO) n A, is a pseudo-interior. Notice 
that 
9 = f/f-’ (RO”) n A” : f-’ (Rw) n An + Rm 
is n-soft as the restriction of the n-soft map f/A” onto an inverse image. Then the 
uniqueness of pseudo-interiors and Theorem 6.4 finish the proof for the Hilbert space 
R”. The general case is obtained by noticing that if X is a Polish absolute extensor, 
then X x R” is homeomorphic to RO”. 0 
Proposition 7.1. For each 0 < n < k, the space Ntk+’ is an n-soft image of NE+‘. 
Proof. Fix an n-soft map g : N$+’ -+ R2”+’ guaranteed by Theorem 7.2. Clearly, 
R2”+’ -Nkk+’ is a a&-set in R2”+‘. Since n < k and g is n-soft, g-’ ( R2”+’ - Nik+‘) 
is a aZ-set in Nzn+’ [28]. Consequently, by Proposition 3.7, g-‘(Nlk”) = NC+’ - 
(OZ-set) M N, 2n+’ It only remains to note that the restriction of an n-soft map onto the . 
inverse image of a subset is also n-soft. 0 
We conjecture that the following general problem has a positive solution. 
Problem. Is every Polish LC”-‘- and Cn-‘-space an n-soft image of the universal 
Nbbeling space Nz+‘? 
As an application of the map constructed in Section 6, we prove that un is homeo- 
morphic to the universal n-dimensional pseudo-interior sP, (p 2 2n + 1) constructed by 
Geoghegan and Summerhill [25]. 
Theorem 7.3. vn is homeomorphic to sP, (p > 2n + 1). 
Proof. By [ 181, it suffices to establish the existence of a homeomorphism between vn and 
.s2+l. Let M = M2n+’ be the Menger compactum obtained by the Menger construction 
i,” 12n+l and let f :mM -+ I 2n+1 be the UV”-‘-map constructed in Section 6. From that 
construction it is easy to see that f has the following properties. 
(1) f-‘(U2”+‘) = a12nt1 n M is a Z-set in M. 
(2) S(f) = {z E 12n+‘: [f-‘(z)] 2 2) is a c&-set in 12n+1 and f-‘(S(f)) is a 
aZ-set in M. 
Let {Ai: i E N} be the Z-skeleton of M constructed in Subsection 4.2. Then again 
from the construction, we have 
(3) Ai is homeomorphic to M and f-‘(f(Ai)) = Ai, for each i. 
(4) UE’ Ai n (f-‘(af2=+*) u f-‘(S(f))) = 0. 
Observe that 
(5) vn is homeomorphic to M - Uz’ Ai U f-‘(a12”+’ U S(f)). 
Consider the restriction f/ . . : M n Int IZn+’ + Int 12nf1. We prove 
(6) (f(Ai)) is a .&-skeleton of Int12n+‘. 
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Proofof(6). Since, by (4), Ai does not intersect f-‘(S(f)), Ai is homeomorphic to 
M. From the construction of f it follows that Ai is a tame compactum for each i. To 
prove the absorption property, take a &-set 2 in Int 12n+r, E > 0 and an integer i > 0. 
Let iz : 2 + Int 12n+1 be the inclusion. Since f/Ai : Ai -+ f(Ai) is a homeomorphism 
(by (4)) we have a partial lift 
(f/&)-*/(2 n f(A)) : 2 n f(A) + M 
of iz. Notice that if limk,, yk = y, yk E Int12n+1 and y E 2 n f(Ai), then 
limk_too diam f-‘(yk) = 0. By the UV+‘-property of f, the nerve replacement trick 
and the above observation, we can define a map t : Z -+ M such that ft is E-close to 
id and t/(2 n f(Ai)) = (f/Ai)-l/(2 n f(Ai)). Since t(2 n f(Ai)) is a Z-set, we 
may assume that t is a Z-embedding. By the absorption property of {Ai}, we have 
an integer j > i and a small embedding h: t(2) + Aj such that h(t(Z)) C Aj and 
h/t(Z n f(Ai)) = id. S ince f /Aj is injective, e = (f/Aj)ht : 2 -+ f(Aj) is an embed- 
ding such that e/(2 n f(Ai)) = id. By taking h close enough to id, we can additionally 
assume that e is e-close to id. Thus, { f(Ai)} is a Z,-skeletoid in Int 12n+1. This finishes 
verification of (6). 
By Theorem 2.2, Int12Rf1 - lJE”=, f(Ai) is homeomorphic to .sp+l. Since S(f) is a 
a&-set by (2) Theorem 2.2 and Proposition 2.2 imply that 
(7) Int 12n+’ - {S(f) u Uz_, f(Ai)} is homeomorphic to sF+l. 
Then we have the desired conclusion as follows. 
Vn zz M - f-‘(S(f) u N2n+’ 
i 
P-f&} =Int12n+’ - {Kf~~~_fW} 
by (5). Observe that 
f/ . . . : M - f_‘(S(f) u a12n+l 
i 
P-Jib} +Int12n+1 - {SoU&IIA,)) 
is a homeomorphism. Therefore, by (7), v,n M SF+‘. 0 
Next, we prove that the pseudo-boundary C” of pn is homeomorphic to the universal 
n-dimensional pseudo-boundary un 2n+1 of Rzn+‘. We start with the following result. Let 
G = pn - {point}. 
Proposition 7.2. There is a proper n-invertible UV”-‘-surjection g : z -+ R2nf’ such 
that g-‘(a:,“+‘) = C”. 
Proof. Fix an n-invertible UV”-‘-surjection f : p” + 12n+1 constructed in [ 11, Theo- 
rem l] and [ 13, Theorem 1.61 such that 
(1) for each &-set 2 in rznfl, f-‘(Z) is a Z-set in pLn, 
(2) for each subpolyhedron L of 12n+1, f-‘(L) is a pn-manifold. 
Below we identify R2n+1 with Int(12”+‘). Since a12n+1 is a Z-set in 12n+‘, we see, by 
(1) that f-i ( aIzn+r) is a Z-set. By ( 2) and the UV+‘-property of f, f-l(CU2”+‘) is 
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an (n - 1)-connected p”-manifold, and hence, is homeomorphic to I_L~ (Theorem 2.1). 
The complement theorem JlO] implies that pn - f-’ (a12n+1) is homeomorphic to %. 
Fix a homeomorphism q5 :M -+ p”,- f-l (al 2n+1). We prove that g = fq5 is the desired 
map. For simplicity, we identify M with pn - f-i(a12n+1) by q5 and regard it as a 
subset of pn. 
Since v?+* is a cZ,-set in R2n+1, g-‘(cm+‘) is a a.%set in %? by (1). By Remark 
3.2, there is a pseudo-boundary C” of pn which is contained in G - g-‘(a?+‘). 
Clearly, g(En) is contained in R2n+1 - OF+’ = sF+l, the universal n-dimensional 
pseudo-interior of R 2n+’ [25]. Thus, each compact subset K of g(Em) is an at most n- 
dimensional, tame compacturn (see [18, Lemma 2.61). Hence g(Cn) is a countable union 
of at most n-dimensional compacta. By the absorption property of cr$+’ and general 
position, we see that g(Cn) is a a&-set in R2n+1 (hence, the union g(Zn) U CT?,“” 
is again an n-dimensional pseudo-boundary in R2n+1 ). The condition (1) implies that 
the set g-‘(g(Zn) U CT?+ ) is a g-set. This set contains En, thus we conclude that 
it is a pseudo-boundary of pun. The identifications C” = g-‘(g(P) U CT?+‘) and 
a2n+i = g(Cn) u cz+l complete the proof. n 0 
Theorem 7.4. The spaces Cn and oz+’ are homeomorphic. 
Proof. Take a map g : %!f + R2n+’ constructed in Proposition 7.2. We show that h = 
91.. . : ,P + CT:+’ is a near homeomorphism. We use the following shrinking criterion 
which is an analog of the one for g-compact ANR’s [27, Theorem 41. For any compacturn 
A in ,z+‘, consider the decomposition of En whose nontrivial elements are of the form 
h-‘(a), a E A. Let (En, h)~ be its decomposition space and let hA : E” + (P, h)A 
be the projection, Our shrinking criterion can be stated as follows: 
If the following condition is satisfied, then h is a near-homeomorphism: 
(*) For every pair (A, II) of compacta in ,zn+’ with B G A, hA/. . . : (C” - 
h-‘(B)) -+ (C”, h)A - B is a near-homeomorphism. 
Remark 7.1. The proof of the above statement is the same as [27, Theorem 41 except for 
minor changes and, hence, is omitted. The ANR condition can be replaced by LC”-’ 
(and C’+l) properties of C” and ,FLn,l coupled with the n-dimensionality of these 
spaces. This allows us to replace usual homotopies by (n - I)-homotopies in the sense 
of [lo]. Further, C” has the estimated extension property for compacta and ,F+’ is 
strongly universal for n-dimensional compacta (see [27] for definitions). Notice that the 
definition of hA is different from the one given in [27]. The fact that h is a proper map 
simplifies our situation. 
To verify (*), we need the following claim. For a pun-manifold L, 2~ denotes the 
collection of all compact Z-sets of L. 
Claim. Let N be a p”-manifold and Z be a compact Z-set in N. If A is a Z~N_Z)- 
skeletoid, then A is a 2N-skeletoid. 
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Proof of Claim. Let {Ai: i E N} be a Z(N_,q-skeleton such that A = Uz”=, Ai. Let 
us show that {Ai : i E N} is a ZN-skeleton. Since the collection of compact Z-sets of 
any p”-manifold is perfect, it suffices to verify the condition of Theorem 2.3. Let d be a 
metric and let K be a compact Z-set of N, i E N and E > 0. Since 2 is a Z-set, there 
is a Z-embedding a : K -+ M - 2 such that a/(K f~ Ai) = id and d(a, id) < ~/2. Since 
{Ai} is a 2(N_Z)-skeleton, there is a j > i and a Z-embedding /3 : a(K) + A3 such 
that P/(cY(K) f~ Aj) = id and d(P, id) < c/2. Clearly, the composition Pa : K + Aj is a 
Z-embedding such that d(Pa, id) < E and @.Y/(K n Ai) = id. The Claim is proved. q 
Proof of Theorem 7.4 (continued). Let (A, B) be a pair of compacta in PC+‘. To 
prove the condition (*), it suffices to prove that the map hi/. . . : C”z h-‘(B) + 
(En, h)~ - B is a near-homeomorphism. Consider the decomposition of M whose non- 
triviaelements are of the form 9-l (a), a E A and let &? be the decomposition space and 
gA : M -+ %? be the projection. It follows from [3] that gA is a near-homeomorphism 
and $? is also a pn-manifold. Since g is a proper UVn-‘-surjection, so is gA. By the 
construction, we have that 
En = 91’ (9A (c”)), 9-l (4 = Xi’ (a (g-‘(A))) > 
g-‘(B) = &(SA(S-‘@I)) 
and hA = gA/Cn. Observe also that gA(g-‘(A)) is a compact Z-set in 2. 
Take any open cover U of gA(Cn) - gA(g-l(B)) = (c”, h)A - B and let V be a 
collection of open sets in 3 - gAg_’ (B) such that 
v/ (S’A (c”) - (9A (9-l (B)))) = u. 
Let V = U V and W be an open cover of V which is a star-refinement of V. Clearly, V 
and gA ’ (V) are pn-manifolds and gA/ . . . : gi’ (V) -+ V is a proper UVn-‘-surjection. 
By [3], QA is a near-homeomorphism. Choose a homeomorphism H: gA1 (V) + V 
which is W-close to gA/gi’(V). By Theorem 2.4, C” -g-‘(B) is a 2sAl(,,,)-skeletoid 
in g,‘(V). Since H is a homeomorphism, H(Cn - g-‘(B)) is a 2v-skeletoid in V. 
Next, we prove that gA(Cn) - gA(g-‘(B)) is also a Zv-skeletoid in V. To see this, 
first notice that 
(a) g,J(zn) is a 22,-skeletoid. 
Indeed, by Theorem 2.4, En - g-‘(A) is a 2n;i_,_,(A)-skeletoid. Since gA maps ii? - 
g-‘(A) homeomorphically onto &? - gA(g-‘(A)), we see that gA(Cn) - gA(g-‘(A)) 
is a 2- M,_g_,(A)-skeletoid in 2 - gA(g-l(A)). By the construction, gA(g-‘(A)) is a 
compact Z-set in 2. By the above Claim, gA(,!?) - gA(g-‘(A)) is a 2G,-skeletoid. 
Then, by Proposition 2.2, 
gA(Cn) = (gA(zn) - !?A@‘@))) u9~(9-‘(A)) 
is also a 2~, -skeletoid. This proves (0). 
Again, by Theorem 2.4, gA(Cn) - gA(g-’ (B)) is a Zv-skeletoid as desired. 
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Thus, both of gA(Z:n)-g,r(g-‘(B)) and H(En-g-‘(B)) are Zv-skeletoids. Theorem 
2.2 ensures that there is a autohomeomorphism G: V -+ V which is W-close to idv 
such that 
G(f+” -g-‘(B))) = gA(xn) - gA($?(B)). 
It only remains to note that 
GH/.. . : c” - g-‘(B) t gA(Cn) - gA(fl(B)) = (c”, h)A - B 
is a homeomorphism which is U-close to hA/(Cn - g-’ (A)). This completes the proof 
of Theorem 7.4. 0 
Problem 611 in [ 191 asks whether p” can be represented as the union X U Y where 
X M D2n+l, y M jv2n+l and both of X and Y are locally n-homotopy negligible in 
pn (for;he definition:see [ 19, p. 4131). Expressing pn as the union C” U v”, Theorems 
6.4 and 7.4 give a positive solution of this problem. Theorem 7.4 also gives a positive 
solution of the Problem 610 in [19]. 
Next, we discuss some problems on absorbing sets from [19]. Let C be a topological, 
closed hereditary, additive class of separable metric spaces. A space X is said to be 
strongly C-universal, if for each pair (C, D) of a member of C, where D is closed in C, 
every map f : C + X, such that f/D a Z-embedding, can be approximated arbitrarily 
closely by Z-embeddings g : C -+ X so that g/D = f/D. A space X is called a 
C-absorbing set if: 
l X is an absolute extensor for all at most n-dimensional separable metric spaces. 
l X = Uz”=, Xi, where each Xi is a strong Z-set in X. 
l X = Uz, Ci, where each Ci is closed in X and is a member of C. 
0 X is strongly C-universal. 
First of all, note that, by the construction (see the proofs of Theorem 3.2 and Proposition 
3.9), the space En is an absorbing set for the class of all n-dimensional compacta 
(compare with [ 19, Problem 5491). We give partial answers to [19, Problems 551, 5521 
by showing that there are absorbing sets with respect to M,(n) and with respect to 
MI(U) respectively. Here Mm(\) (M,(u) respectively) denotes the class of all at 
most n-dimensional (finite-dimensional, respectively) Polish spaces. 
Fix n E N and consider the 2(oo, n)-skeletoid C(oo, n) (see Theorem 3.2) of the 
Hilbert cube Q = poo. By the construction, C(oo, n) is the union of an increasing family 
. {A,. m E N}, where each A, is a copy of pn. Note also that A, is a Z-set in Am+1 
for each m. Let D, be a pseudo-boundary of A, such that A,_1 fl D, = 0 (see 
Remark 3.2) and let B, = Uz”=, Di. By Proposition 3.3, B, is a pseudo-boundary of 
A, and, therefore, L, = A, - B, is a pseudo-interior of A, for each m E N. Finally 
let L” = Uz, L,. We prove the following statement. 
Proposition 7.3. L” is an M 1 (n)-absorbing set. 
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Proof. The proof of Proposition 3.9 can be adapted to prove both local and global 
(n - 1)-connectedness of L”. Therefore L” E LC”-’ f~ C”-‘. To verify the strong 
M 1 (n)-universality, we first prove that 
b any map f:C + Ln, where C E Ml(n), can be approximated by closed Z-em- 
beddings. 
Since the proof is similar to that of Proposition 3.6, we give only a brief sketch. Take a 
metrizable compactification 8 of C with dim C < n which admits an extension F : c + 
PO0 of f (Proposition 3.5). Take an open cover U of Ln, extend it to a collection V of 
open sets of Q and let M = U V and N = F-’ (M). Since M is a Q-manifold, we can 
V-approximate F/N by a Z-embedding g : N -+ M. By the properties of skeletoids and 
g-compactness of N, we can change g slightly into a map h : N -+ M so that h(N) is 
contained in C(co,n). Since C is a G&-set in N, h(N - C) is a aZ’-set in C(co,n). 
Using Theorem 2.2, we can again change h slightly into a map Ic : N -+ C(m, n) so 
that Ic(N - C) 2 Uz=, D,. Then f’ = lc/C is the required embedding. 
To prove the general case, let f : C -+ L” be a map of a Polish space C with dim C < n 
and suppose that f/D : D -+ Ln is a Z-embedding, where D is a closed set in C. As 
above, take an extension F : t? + Q of f and take any open cover U of L” and an 
extension V of U to Q. Consider M = U V and let N = F-’ (M), D* = cl~ (D). Since 
{M n Am} is an absorber in M (Theorem 2.4) and D* - D is a-compact, F(D* - D) 
can be absorbed into M n Uz’, A, by a small homeomorphism of M. Further, using 
a-compactness of N - D* and the fact that UE=, B, is a aZ-set, we can change F/N 
slightly into F’ : N + Uz=, A, so that F’(D*) n L” = f(D). Then it is easy to see that 
F’(D’) is a Z-set in /.L~. The proof of the Z-set approximation theorem and the absorption 
property of {M n Am} allow us to approximate F’ by G : N -+ M n Uz=, A, so that 
l G is V-close to F’ and G/D* = Ff D*. 
l G(N - D”) n F(D*) = 0 and G/(N - D*) is an embedding. 
l im(G) is a Z-set. 
Since G(N - D*) is a oZ-set, we can “push G(N - D) into Uz=, DmO by a small 
homeomorphism of M keeping D* fixed (Theorem 2.2). Then the desired embedding is 
G/C. This completes the proof. 0 
Remark 7.2. The same construction can be performed to obtain an M 1 (n)-absorbing 
set in pn. 
The space L” of Proposition 1.3 is an increasing union of closed subspaces each of 
which is a copy of the n-dimensional Nobeling space NF+l. A similar construction 
produces the space L” which is an increasing union of increasing-dimensional Nobeling 
spaces and serves as an Ml(w)-absorbing set. Indeed, represent the skeletoid o with 
respect to the collection of all finite dimensional Z-sets in Q (constructed in [16]) as a 
union c = UF=, A,, where A, is a topological copy of pn and is a Z-set in A,+l. 
As above, in each A,, we fix Dn, a pseudo-boundary, so that A,_, fl D, = 0. Let 
B, = lJy=“=, Di and let L, = A, - B, and Lw = U,“=, L,. We claim that Lw is an 
M 1 (u)-absorbing set. The straightforward verification of this fact is left to the reader. 
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